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Interdisciplinary Research

Project Overview

Researchers for

Accuracy Assurance

(1) Assured algorithm

Problems ’ N

’"h
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(2) Developing Assured Libraries to CPU and GPU
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Algorithm 2 RefSyEvCL: Refinement of approximate eigenvectors of a real
symmetric matrix with clustered eigenvalues. Higher-precision arithmetic is
required for all the computations except line 11 and the computations of || - ||z.
Input: A, X € R"" with A= AT
Output: X' e R"*™ N
1: function X’ + RefSyEvCL(A, X)
2: [X'D,E,w] + RefSyEv(A,f) > Apply Algorithm 1 to A and X.
3: if ||[El|2 > 1, return, end if > Improvement cannot be expected.
4: Determine the index sets Ji, k = 1,...,n7, as in (27) for eigenvalue clusters using
D = diag(\;) and w. > ng: The number of clusters.

5: for k+ 1,2,...,n7 do > Refine eigenvectors for each cluster.
6: Vi + X'(:, Tx) > Pick out Vj, € R**™k where n;, := |J|-
7 pg < (minge 7, i+ max;e 7, X,‘)/Q > Determine the shift constant p,.
8: Ap — A— el © Shift A for separating clustered eigenvalues.
9: C+VTALY, > Compute C), € R™kX "k,
10: Ty « fl(Cy) > Conversion from higher-precision to ordinary precision.
11: Wi, ~] « eig(Ty) > Compute eigenvectors of C}, in ordinary precision.
12: v 1; VY e Vi Wy

13: repeat

14: [Vé”l))w,ék] +— RefSyEv(Ay, Vk(")) > Apply Alg. 1 to Aj, and V}f”)A
15: if HE}'CHQ > 1, return, end if > Improvement cannot be expected.
16: verv+1l o

17: until ||Ex|2 < ||E||2

18: X5y Tie) Vjs”) > Update the columns of X’ corresponding to Jj..

19: end for
20: end function

Adaptation of Supercomputing

Fig. 1 : Batched BLAS implementation for Ozaki
Method on a CPU and a GPU (Results from FY2019)
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Aim of This Study

To establish accuracy assured numerical computing,
we focus on the following three topics:

1. Developing an accuracy assured numerical
libraries for eigenproblems;

2. Development of high-performance
implementation and auto-tuning technology for
the developed accuracy assured numerical

ibrary;

3. Discussing an extension to non-liner problems
nased on obtained knowledge of accuracy
assured algorithms.
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Background, objective, and motivation
of our work

High-accuracy and low-accuracy calculations are one of the important
calculation techniques which can solve large-scale and complicated
calculations.

Some studies have investigated the accuracy assurance of BLAS and
LAPACK.

— These studies have used mixed procedure computations and arbitrary digit
computations.

— Most of BLAS and LAPACK libraries tend to place less emphasis on the
accuracy of the computation results.

Why high-accuracy and assured calculations are not widespread?
=>TIME
We consider to calculate it on GPU and shorten the time.

This work will be helpful for large-scale and complicated calculations on
current and future generation computers. (> topics of interest of this
workshop)

In particular, we will focus on the following topics of interest, but not limited to:
Programming models, languages and frameworks for facilitating HPC software evolution and
refactoring.
Algorithms and implementation methodologies for future-generation computing systems, including
manycores and accelerators (GPUs, Xeon Phi, etc).
Automatic performance tuning techniques, runtime systems and domain-specific languages for hiding
the complexity of underlying system architectures. 15
Practices and experiences on porting of legacy applications and libraries.




High-precision matrix-matrix
multiplication algorithm

e Our target calculation: assured matrix-matrix multiplication
(MMM) method proposed by Ozaki et al.

— hereinafter, we refer to this MMM method as the Ozaki method
 QOverview of the Ozaki method:

consider C = AL Step2: individual MMM
e A2 matrix of size m * | AB=(AV+A@+ ... +4P)(BV+B+ ... +B@)
. B: a matrix of size | * n =AY BU+AD BI+A® BU+...+4V B

e (:amatrixof sizem * n

Step3: Accurate Sum

Stepl: error-free transformation fl(A® B )=4® B0 for 1=i=p, 1<) =q.
A= AD+AD+AO+ +AP = fI(A™ B ) + fIA) BY ) +fADBD ) + ...
B = BU+RB2+BOB)+ +RB@ + fl(A® B@)

_ _ =C1+C2+...+Cpq
The elements in the matrices

with lower indices are given flis a floating-point arithmetic
with a higher number of digits. with rounding to the nearest



Example of C=AB by double precision
(causes some errors)

[ 20 4 2=30 =20 4 9-40 =10 4 2—15'
A=|2"10 4+ 230 2—15 4+ 2—35 21 + 2—15
2—5 + 2—25 20 + 2—30 25 + 2—30

(20 4 9-30 | 9-35 4 9—60 95 4 915 |
B=|2"542-10| 230 4 »-40 9-10 4 »-30
2-3 4 2=15| 9-40 4 9-50 -8 4 »—17

grgtA;ow of A * first column of B
= (2242739 (2° + 2739 + (2720427 (27 + 2710 +
‘(2—10+2—15)(2—3 + 2—15),

.

20 42729 4 2-29 4 9-60

loss of trailing digits may be happened



Example of the Ozaki method

Step1l: error-free transformation

20 + 2—30 2—20 + 2—40 2—10 + 2—15 20 + 2—30 2—35 + 2—60 25 + 2—15
A= 2—10 + 2—30 2—15 + 2—35 21 + 2—15 B = 2—5 + 2—10 2—30 + 2—40 2—10 + 2—30
2—5 + 2—25 20 + 2—30 25 + 2—30 2—3 + 2—15 2—40 + 2—50 2—8 + 2—17
20 2—20 2—10,+_2—15 20 2—35 25 +_2—15
AWM =|p-10 9-15 914 5-15 B = |p-54 9-10 9-30 4 9-40 2-10
2—5 20 25 2—3 +_2—15 2—40_+_2—50 2—8_+_2—17

2—30 2—4-0 0
AP = [2—30 2-35 0 ]

2—30 2—60 0
2—25 2—30 2—30

B2 = [ 0 0 2-30
0 0 0

Step2: individual MMM,
Step3: Accurate Sum

C =40 B 4 4@ (V) 4 4 p2) 4 4(2) p(2)

* each calculation is executed in the 53bit range
* no round-off error, no loss of trailing digits



Previous work and Proposed method

 When the value ranges of the input matrix elements are large, error-free
transformation generates many sparse matrices.

B

error-free
transformation

* Inthis case, many double precision general matrix - matrix multiplication (dgemm)
are performed. Transforming dense matrices into sparse matrices and performing
sparse matrix operations will require shorter calculation time than dense matrix

operations.

 Therefore, our previous work proposed to transform the target matrices into
sparse matrices and calculate sparse matrix computations on CPU.
— Considering the performance, sparse matrix - vector multiplications (SpMV) are used.

* In this study, we propose to calculate these sparse matrix computations on GPU.

19



begin
]

error-free transformation by Ozaki method

No

y

@OW

4 Yes
transform A into sparse matrix

dense
MMM

Proposed method
of

our previous
vy work

SpMM on CPU
based on SpMV

2\
>

A

accurate sum

¥

end

Fig. 6 begin
]
error-free transformation by Ozaki method
= transform A into sparse matrix? —
No v Yes proposed
transform A into sparse matrix method
dense { of this work
MMM

calculate on CPU or GPU? GPU

copy A & B to GPU
v
SpMM on CPU SpMM on GPU
o basgd on SpMV based on SpMV or SpMxSpM
* (previous work[8]) T
copy C to host
> Ce—|
]
accurate sum
3
end
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* CRS format

val
colind
rowptr

e ELL format

c;> O

0 d,*

0 £,°

g, 0
[a d e g
[1 4 1 3
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Sparse matrix formats
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How to calculate Sparse Matrix A -
Matrix B multiplication?

Matrix A

Matrix A Matrix B

Matrix B »
IsPARSEJ  * INISPARSE) IsPARSEJl ¥ [NISPARSE)]

Matrix A Matrix B

X
{SPARSE]] vectors|

=)

» Matrix A
IsPARSE|l
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Performance evaluation

 Evaluation environment

— Reedbush-H supercomputer, 1 node
* installed at the Information Technology Center, The University of Tokyo

e each nodes has
Intel Xeon E5-2695 v4 (Broadwell-EP, 18cores) * 2 + NVIDIA Tesla P100 * 2

* Intel C++ Compiler ver.18.1.163 + CUDA 9.2.148
* Test conditions

— All matrix—matrix multiplications are performed with
double precision.
— On the CPU, 36 threads per node are used.

* "export KMP AFFINITY=granularity=fine,compact,1,0" is specified in the job
script for NUMA Affinity and the default values are chosen for NUMA
policies.

— On the GPU, cuSPARSE is used for matrix computations.

* SpMV (Sparse Matrix * Vector) / CRS format: cusparseDcsrmv

* SpMV (Sparse Matrix * Vector) / ELL format: cusparseDhybmv

* SpMM (Sparse Matrix * Dense Matrix) / CRS format: cusparseDcsrmm?2

* SpMxSpM (Sparse Matrix * Sparse Matrix) / CRS format: cusparseDcsrmm



Target matrices

A : an identity matrix with additional elements
— additional elements are generated by a pseudo-random generator
B : Al generated by the dgetrf and dgetri routines in LAPACK

Matrix setl

— The sparseness of A is 90%.

— The sparseness of each sub-matrix A obtained from the Ozaki method

is higher than 90%.

— All sub-matrix A - sub-matrix B multiplications are calculated by SpMV.
— Compared the execution time of MMM using the CRS and ELL, and

on CPU and on GPU.
Matrix set2

RS

compares previous method and our proposed method

— The sparseness of matrix B is one of the following seven types: 90%,
95%, 96%, 97%, 98%, 99%, and a zero matrix with only one element

inserted (Max).

— While matrix A is a dense matrix, stored in the CRS format.
— Compared the execution time of MMM on GPU using

SpMM and SpMxSpM. <

compares two implementations in our proposed method

For both matrix sets, matrix sizes of N (both height and width of
original dense matrices) = 50, 100, 500, 1000, 5000, and 10000. *




Number of divisions in Error-free
transformation

Number of matrix divisions Number of matrix divisions
by error-free transformation in Matrix set 1. by error-free transformation in Matrix set 2.
. Size
size | 50 100 | 500 | 1000 | 5000 | 10000 m\ 50 |100 500 (1000 [5000 |10000
Ak 3 3 3 3 3 4 L E 3 3 3 3 4
(]
BK 3 3 4 4 5 4 R Z A A . .
Ak |3 3 3 3 3 4
95%
Bk |3 3 4 4 5 4
Ak |4 3 3 3 3 4
96%
Bk |2 3 4 4 5 4
Ak |4 3 3 3 3 4
97%
Bk |2 3 4 4 5 4
Ak |4 4 3 3 3 4
98%
Bk |2 2 4 4 5 4
Ak |4 4 3 3 3 4
99%
Bk |2 2 4 4 5 3
Ak |4 4 3 3 3 3
Max
Bk |2 2 3 3 4 4

25



Resultl: Execution time of accurate MMM
using SpMV in CRS and ELL on CPU and GPU

for Matrix set 1

M error-free conversion M conversion matrix A and CPU->GPU
Bl memory management of matrix B, C M others

Elapsed time (sec)

0.016 0.03 0.4

0.012 I 0.3
0.02

0.008 0.2
0.01

0.004 — B 0.1

0.000 = B 00 & H = W g9

CRS ELL CRS ELL

CPU GPUCPU GPU
N=50

N=100

CPU GPUCPU GPU

CRS ELL

CPU GPUCPU GPU
N=500

1.0

0.8

0.6

0.4

0.2

0.0

CRS ELL

CPU GPUCPU GPU
N=1,000

40

30

20

10

0

3.24x speedup

CPU GPUCPU GPU
N=5,000

2.03x speedup

200

160

120

CRS ELL

CPU GPUCPU GPU
N=10,000

* When N is small, CPU is faster than GPU mainly because data transfer between
CPU and GPU is not negligible. Moreover, time of launching GPU kernel is

included in GPU.

* CRS format: GPU is faster than CPU when N>=1,000
e ELL format: GPU is faster than CPU when N=10,000
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B memory management of matrix B, C M others

Elapse Time [s.]

0.016

0.012

0.008

0.004

0.000

Result2: Execution time of accurate MMM
using SpMM and SpMxSpM in CRS on GPU for
Matrix set 2 (1/2)

B error-free conversion M conversion matrix A and CPU->GPU

| SpMxSpM

—

§

— SpMM

— SpMxSpM

Elapse Time [s.]

0.020
0.016

i SpMxSpM

0.012
0.008
0.004
0.000

* SpMM: time and sparseness have few

N=100

relationship because matrix B is dense matrix
* SpMxSpM: when N and sparseness increase,

calculation time is relatively shortened.
 When N is small, execution times of SpMM is

smaller than times of SpMxSpM.
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Result2: Execution time of accurate MMM
using SpMM and SpMxSpM in CRS on GPU for

Matrix set 2 (2/2)

M error-free conversion M conversion matrix A and CPU->GPU M GPU kernel
— SpMM

Bl memory management of matrix B, C M others

0.12
0.10
0.08

-9.06

7@ 04

':3):02

Elapsed time (s)

SpMM

90%

SpMxSpM

SpMxSpM

SpMM

95%

SpMxSpM

SpMxSpM

SpMxSpM

SpMM

97%

SpMxSpM

|
=
=%
(7]
X
=
=%
(2]

SpMxSpM

SpMxSpM

SpMM

99%

SpMxSpM

SpMxSpM

N=500

SpMxSpM

SpMM

3

ax

SpMxSpM

1.0
0.8

o
o

0.4

o o
o N

Elapsed time (s)

SpMM

90%

— SpMxSpM

=
=%
(2]
X
=
<%
(2]

SpMxSpM

SpMM

95%

SpMxSpM

SpMxSpM

SpMM

96%

SpMxSpM

SpMxSpM

SpMM

97%

SpMxSpM l

SpMxSpM

SpMxSpM l

SpMM

99%

N=1,000
zlz 3
2|15 2
Q. Q.
@ max @

N=10,000

8.44x speedup

SpMM

98%

SpMxSpM

SpMM

99%

SpMxSpM
SpMM
SpMxSpM

max
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Conclusion (1/2)

* We proposed to calculate sparse matrix calculations
generated by the Ozaki method on GPU.

e Results

— Compared with previous work (using CPU), performance
improved by using GPU when the input matrix is large.

e Accurate MMM using SpMV in CRS on GPU achieved 3.24x
higher performance than CPU.

* Accurate MMM using SpMV in ELL on GPU achieved 2.03x
higher performance than CPU.

— SpMxSpM is more effective than SpMM when Matrix B is
highly sparse.

e Accurate MMM on GPU in CRS using SpMxSpM achieved 8.44x
higher performance than using SpMM.




Conclusion (2/2)

e Future work

— The effectiveness depends on complicate conditions.
(e.g. matrix format, matrix size, and the sparseness)

— It's important to analyze the relationships between
optimization parameters and performance.

» To apply Auto-Tuning (AT) technology and to make using
our proposed method easy are our future work.
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