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Aim of This Study

To establish accuracy assured numerical computing, we focus
on the following three topics:

1. Developing an accuracy assured numerical libraries for
eigenproblems;

2. Development of high-performance implementation and
auto-tuning technology for the developed accuracy assured
numerical library;

3. Discussing an extension to non-liner problems based on
obtained knowledge of accuracy assured algorithms.
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(1) Interdisciplinary Research

Researchers for
Accuracy Assurance
Problems

A Result from 2020 FY

The main target of 2021 FY

(3) Developing Auto-tuning Function

(2) Assured algorithm

} Ogita-Aishima’s Iteration for Accurate Eigenpairs

(Quadratic Convergence)

Ax=/x, AX=XD

A: real symmetric matrix (binary64)
X: eigenvector matrix, D: eigenvalue matrix

matrix dimension: 216, 64 nodes)
pdsyevd: 240 sec, lteration: 400 sec: Ratio: 1.66

Oakforest-PACS

(matrix dimension: 2%, 64 nodes)

Lower is better.

c ReT—-XTX

v

: D« diag(\)

Supercomputer “Flow” (Type |) 5:

[

—~

S« X'Ax
" (for 1< i <)

— Tiid

5\-3; <«

w + 2(|IS = Dll2 + [|All2[| R]|2)

: éij — -
St AT (1% 23| > w)
Aj — A
Tij /2 (otherwise)
(for 1 <i,5 <)

X« X+ XE

pdsyevd: 880 sec, Iteration: 2120 sec: Ratio: 2.40

Accurate matrix multiplication is performed

by Ozaki Method with six matrix multiplications.
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VNC (Verified Numerical Computation)-HPC
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on Ozaki scheme (Bl R F—LIZH D
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2. GEMMTC: GEMM usmg Tensor Cores

(Tensora 7 ZFLN=4THIFET O 5 L) [for GPU]
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6. LINSYS_VR: Verified Solution of Linear Systems (BiEmiE) o AL
with Directed Rounding (33 — R AFE S
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LIME (Local Interpretable Model-agnostic
explanations) [2]

» Local surrogate model
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[2] M. T. Ribeiro, S. Singh, and C. Guestrin: Why should | trust you?: Explaining the predictions
of any classifier, Proc. of 22nd ACM SIGKDD, pp.1135-1144, 2016.
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SHAP (SHapley Additive exPlanations) [3]
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[2] S. Lundberg, S-1. Lee, A Unified Approach to Interpreting Model Predictions, 2017 ITC ,

https://arxiv.org/abs/1705.07874 .
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Background, objective, and motivation
of our work

High-accuracy and low-accuracy calculations are one of the important
calculation techniques which can solve large-scale and complicated
calculations.

Some studies have investigated the accuracy assurance of BLAS and

LAPACK.

— These studies have used mixed procedure computations and arbitrary digit
computations.

— Most of BLAS and LAPACK libraries tend to place less emphasis on the
accuracy of the computation results.

Why high-accuracy and assured calculations are not widespread?
=>TIME
We consider to calculate it on GPU and shorten the time.

This work will be helpful for large-scale and complicated calculations on
current and future generation computers. () topics of interest of this
workshop)

In particular, we will focus on the following topics of interest, but not limited to:
Programming models, languages and frameworks for facilitating HPC software evolution and
refactoring.
Algorithms and implementation methodologies for future-generation computing systems, including
manycores and accelerators (GPUs, Xeon Phi, etc).
Automatic performance tuning techniques, runtime systems and domain-specific languages for hiding
the complexity of underlying system architectures.
Practices and experiences on porting of legacy applications and libraries.




High-precision matrix-matrix
multiplication algorithm

* Our target calculation: assured matrix-matrix multiplication
(MMM) method proposed by Ozaki et al.

— hereinafter, we refer to this MMM method as the Ozaki method
 QOverview of the Ozaki method:

consider ( = AF Step2: individual MMM

. . — 1 2 1 2
* A:a matrix of size m * | AB=(AV+AP+...+AP)(BV+BZ+...+B@)
=A) BO+4D B2 +42) B+  +A4P) B@

e B:amatrixofsizel *n

e (':amatrix of sizem * n
Step3: Accurate Sum

Stepl: error-free transformation ﬂ(A(l) BO)):A(Z) BU) for 1§i:<p, 1§j :<6]-
A= AD+4D+4C)+  +A4WP) :ﬂ(A(J) B ) +ﬂ(A(1) B2 ) +ﬂ(A(2)B(1) )+ ..
B = BU+B?+BO)+.. +B@ + fI(AY B )

. _ =C,+C,+...+C
The elements in the matrices Pq

with lower indices are given fl is a floating-point arithmetic
with a higher number of digits. with rounding to the nearest



Previous work and Proposed method

 When the value ranges of the input matrix elements are large, error-free
transformation generates many sparse matrices.

—

error-free
transformation

* |n this case, many double precision general matrix - matrix multiplication (dgemm)
are performed. Transforming dense matrices into sparse matrices and performing
sparse matrix operations will require shorter calculation time than dense matrix

operations.

* Therefore, our previous work proposed to transform the target matrices into
sparse matrices and calculate sparse matrix computations on CPU.
— Considering the performance, sparse matrix - vector multiplications (SpMV) are used.

* In this study, we propose to calculate these sparse matrix computations on GPU.

F13E BEIFa—=V 7 BMOBRRKES
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begin
]

error-free transformation by Ozaki method

No

) 4

@OW

v Yes
transform A into sparse matrix

dense
MMM

Proposed method
of

our previous
y_work

SpMM on CPU
based on SpMV

»)
>

A

accurate sum

¥

end

Fig. 6 begin
y
error-free transformation by Ozaki method
\ 4
— transform A into sparse matrix? —
No y _Yes Proposed
transform A into sparse matrix method
dense il of this work
MMM

calculate on CPU or GPU? GPU

copy A & B to GPU
v
SpMM on CPU SpMM on GPU
o basgd on SpMV based on SpMV or SpMxSpM
* (previous work[8]) ‘
copy C to host
> Ce—
y
accurate sum
y
end
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How to calculate Sparse Matrix A -
Matrix B multiplication?

Matrix A Matrix B Matrix A Matrix B

(SPARSE) (SPARSE) (SPARSE), (SPARSE)

Matrix A Matrix B

(SPARSE), (vectors)

Matrix A Matrix B

(SPARSE) ( )
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1. dgemmIZ Kk SH3EE 1dgemm

2. CRSHE TODSpMV(AREREFI) 2CRS

3. CRSHeHK TDSpMV(4}ERifiF]) 3CRS

4. CRSHZKX TODSpMV(EEHGILIZ K H5RNEREFIE) 4CRS
5. CRSEELTDSpMV(HEHEDI< & HAER AL F4E

© 0 N o

(78v*>7Y)) 5CRS

ELLFZ =X TDOSpMV(AERAEF)  6ELL

ELLFiE X TDSpMV(F+EREFI)  7ELL

ELLFE X TOSpMV(#EEAIBIZ & 2 AER F|{E) SELL

ELLFZZX TDSpMV(FEEA DI & 5 NERESIME
(7avy*>T)) O9ELL

. Batched BLASZ A L1=A3 10GPU
11.
12.
13.
14.

dgemmIZ &k 53E%(GPU) 11GPU
CRSTEXX TDSpMV(GPU) 12GPU
ELLF2 X, TDSpMV(GPU) 13GPU
CRSH2 =X TDSpMM(GPU)  14GPU
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Prediction probabilities NOT 4CRS 4CRS Foat sl
sp percentage > ... eature alue
4crs [ 0.99 0.34
1dgemm |0.01 | A max <of202'00 sp percentage 98.00
3CRS [0.00 | 2.00 < sparse A ... e B
5CRS [0.00 |
|

Other |0.00 sparse A 3.00

[1.5e+03 9.8e+01 1/400 0.0e+00 3.0e+00 0.0e+00 4.08’% \

® LTINS ® LIMEI= kLA 55BH ® _DT—AD,
HEIZ#D ZTHDEHEEES SR HMDIE
[ N ECEN RN
[4CRS]AY [ACRS1ZFHIT 5
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LIMEIZK A TR (1.73)

4CRS%Z99% il
Prediction probabilities NOT 4CRS 4CRS

sp percentage > ...
4crs [N 0.99 G
1dgemm [0.01 A max <= 2.00

0.20

|
3CrRS [0.00 |
5CRS [0.00 | 0-13
Other [0.00 |

[1.5e+03 9.8e+01 1.0e+00 0.0e+00 3.0e+00 0.0e+00 4.0e+00]

2.00 < sparse A ...

Feature Value

sp percentage 98.00

A max 1.00

sparse A 3.00

® A NITHIDEEENE L (sp percentage) EACRSEFEINSD

SBT3 BET7ILI)XLIIZ, IE

= LUl

O ADEFRDNHRKMEMN/NIWNERIDEEIENAIEEEIH D
SAmaxBhENDERELGHL-TEEMNLLEL
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LIMEIZK A tTER (2.73)

N
1dgemmZ2@97% ¥l
Prediction probabilities NOT 1dgemm ldgemm
y P . shares A < 1.00 Feature Value
gemm [ o. |ﬁ-o.28
4crs [0.03 | A max > 3050%512;- sparse A 0.00
14GPU lm.OO : S Opﬁrce”tage <= .. Amax 99999999999999991433150857216.00
3CRS (0.00 :
Other I0.00 I Sp percentage 50.45

[1.00000e+03 5.04484e+01 1.00000e+29 0.50000e+00 0.00000e+00 4.00000e+00

O é?‘_rﬁllﬁ“:—”:?‘_rﬁlld)ﬁﬁ@?r%: : CPUMD dgemmbY, GPUD dgemm ) &
@ SEINFEE T—4:CPUMDdgemmbIIERL Y

ﬁ ﬁﬁ”@ﬁ THIDE (sparse A) BSODIHE
ldgemmi'%m'l?'%)% AELTIELLY
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14GPU(SpMM)%&94% T~

Prediction probabilities NOT 14GPU 14GPU Feat Val
matrix size > 25... eature alue
146ru [ o .9+ |——o.49
4crs [[0.06 | S0:001% 5P Peeen.. matrix size  4000.00
ldg;_qun; :ggg : not sparse A \:6:1. — -
Other [0.00 | not sparse A 0.00

[4.0000000e+03 9.0877031e+01 1.0000000e+29 0.0000000e+00 5.0000000e+00
0.0000000e+00 6.0000000e+00]

0T T —A2  1THH A XMW KELVE14GPU
(CRSTZE. TDSpMM(GPU) ) HSELMEBR AN EH S
> (CDITH: ELEITHITIL)
14GPUD FHIDEEIREL TIELLY R
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® [SHAPIEDMEXMENKRE(ZERANKEZLY) . BHEC(RICLIZERAZTHDIE) .
BAKEN, HLUZHBATING (r—REAZLY) | EFTIER

(2) 728 : CRSEEK TDSpMV

(EHAEBDIZKAHREREFI1E)

(1) 48 :dgemm

sparse A Q - & s
S
parse percentag : % -
Am ~ e 1ohmr — .
B I - oth
s < S
t sparse A *‘-
A min 0'
-0.4 -02 0.0 02 0.4

SHAP value (impact on rhodel output)

(3)F 28 : CRSHZX TDSpMM(GPU)

matrix size
sparse percentage

@D
e S

sparse A

not sparse A '-H-"
A max -‘*— . .
B - *-
A min l—-
-02 00 0.2 04 06

High

Low

SHAP value (impact on model output)

lLov.

High

Feature value

High
matrix size <M- - nb) .* .
sparse percentage n---@«
Q
sparse A 3
m
>
A max = ---W "
2
B o 1. .- 8
e
not sparse A - o .*
A min . F .
Low

-0.4 -0.2 0.0 0.2 0.4
SHAP value (impact on model output)

® (1)dgemmFTHE ADBRE D EER(—). ANITHID

BRIE(— {EMNK)., TP A X (— {ENKR)DER
&Y

® (2) CRS(SpMV) F18:173I|HA4 X(— {EHK).

AATHDERE(+ AEAK). ADBRTE 7 fEEE
(— BN DER >%H

® (3)CRS(SpMM) (GPU) 48 : #7514 4 X (— A

IN, +ENRK) ADBRLG D BRE(— EL/N D
ER SBY

ADEFZDH/MEIX. FEAEDIZEO
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